Al-Kitab Journal for Pure Sciene€024); 8(2):153170.
https://doi.org/10.32441/kjps.08.02.p13

KIPS AlKitab Journal for Pure Sde| IAS
At o For ISSN: 26171260 (print), 26178141 (online) ﬁ
il https://isnra.net/index.php/kjps Ay rownrTeet

A Study on New Roulette and Special Forms of Cycloid
and Laithoidal Curves

Laith H. M. Al -Ossmi

Department of Civil Engineering, College of Engineering, University ofQ#i, ThiQar, IRAQ

*Corresponding authotaithhady@utq.edu.iq
*ORCID ID: https://orcid.org/000@00261459478

Keywords: Cycloid, Geometrical Method

Citation Al-ossmi LHM. A Study on New Roulette and Special Laithoid, Roulette

Forms of Cycloid and Laithoidal Curves. Al -Kitab J. Pure Sci.
[Internet]. 2024 Jul. 12 [cited 2024 Jul. 12];8(02):15B70. Available ~ Article History

from: https://isnra.net/index.php/kjps/article/view/1194 Received 19 May. 2024
https://doi.org/10.32441/kips.08.02.p13 Accepted 30 Jun 20
pS.//UOLOTY LY. ps.Le.De.p Available online 12 Juy 2024
i oreatocomimons oloansesntady | M
Abstract:

This article deals with a new roulette of special curves formed by a circle rolling along a line
which are giverthe name of Laithoid curves. The new curve is a new special form of cycloid
produced by rolling a circle along a horizontal line difdesthe rolling circle's radius. It is the
locus traced out by a point fixed to a circle (where the point may be on, inside, or outside the
circle), as it rolls along a straight line. In this paper, a set of 6 forms of new curvatures within
two groups are paucel depending on a rolling circle dhe Laithoid's curve, and their
geometrical and algebra proportions are graphically formed. Furthermore, the article provides
the coordinate equations that govern the points along these curves. With the potpatial to
the way for exploring additional geometric aspects relevant to this class of curves, and to enable
comparative analyses across diverse mathematical and geometric domains, particularly in three

dimensional contexts in the future
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1. Introduction :

In algebraic geometry, a cycloid is the curve traced by a point on a circle as it rolls along a
straight line without slipping. Also, a cycloid is a specific form of trochoid and is an example
of a roulette, a curve generated by a curve rolling on anoctinee. The cycloid generated by a
rolling circle, which can be produced by different methods using a fixed point traced on a
circle's circumference with the cusps pointing upward, is the curve of fastest descent under
uniform gravity, known as the braclostrone curvél]. It is also the form of a curve for which
the period of an object in simple harmonic motion (rolling up and down repetitively along the
curve) does not depend on the object's starting position, known as the tautochror&]curve
Before describing this new special case of the cycloid, some historical background is in order.
Historians of mathematics have proposed several candidates for the discoverer of the cycloid:
English mathematician John Wallis, writing in 16[A), Nicholas of Cusd4], Pére Marin
Mersenng5], Galileo Galilei[6], Marin Mersenn€7], Moritz Cantor [8], Siegmund Gunther
[9], and the works of Charles de Bovell&8]. During the seventeenth century, Pascal proposed
three questions relating to the center of gravity, area, and volume of the ¢yélpiBifteen
years later, Christiaan Huygens deployed the cycloidal pendulum and discovered that a particle
would traverse a segment of an inverted cycloidal arch in the same amount of time, regardless
of its starting poinf12].The cycloid curve in algebraic geometry, through the origin, generated
by a circle of radius r rolling over theaxis on the positive sidg () cofsists of the points
(X, y), where it is a real parameter corresponding to the angle through which the rolling circle
has rotated. For givemthe circle's center lies at,(y) = (rt, r), with equations:

X=r (tsin t),
y=r (1-cos t),

P,
Web Site: https://isnra.net/index.php/kjps E. mail: kjps@uoalkitab.edu.iq

—

154



https://isnra.net/index.php/kjps
mailto:kjps@uoalkitab.edu.iq
mailto:kjps@uoalkitab.edu.iq

Al-Ossmi LHM ./ Al-Kitab Journal for Pure Sciences (2024); 8(2):153-170.

TheLaithoidd s

—
curve i s a special

case of

as it rolls along a straight line withelength of (&) where ) is the radius of the rolling circle

[13]. Also, Laithoidis not an example of a roulettecausd is not a curvgenerated by a curve

rolling on another curve, hence it is generated by a rolling circle (Drawing Circle), on a straight

line with aspecific length related tacircle's radiug14,15] However, all these derivate forms

of curvatures producefdom Laithoid are examples of a roulette as they all are generated by a

circle rolling onthe Laithoid curve.

2. Drawing Method:

The method for drawing the new curt@jthoid, involves several steps:

1.
2.

3.

Drawing the Initial Circle : by drawing a circle with a specified radias

Dividing the Vertical Diameter: Divide the vertical diameter of the circle into equal
parts,n;, n;, €

Drawing Horizontal Lines: Draw a horizontal line from the center of the circle with a
length equal to @ Extend this horizontal line to a length & dnd divide it similarly
into equal partsg;, 2, é, matching the divisions
Drawing Moving Circles: Draw circles representing the nslipping movement of the
initial circle, where the center moves sequentially to the painte, €,

Drawing Rays. From the uppermost point of the vertical diameter of each circle, draw
aray. This ray starts from the point that is a distance &b2n the edge of the terminal
circle.

of

The construction of haithoid using geometric tools is illustrated iigures 1and?2.
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Figure 1. Construction of a Laithoid using a rolling disk's radius @) along a path of (4)
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Figure 2: The plot of the construction of alLaithoid using a geometricmethod
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2.1 Laithoid's Equations Let a drawing circle with radiug), and point (Aethe origin,
(0, 0). By ng the Laithoi gdls(Axathe h
horizontal distance is . Eachpoint on the curve is a result of rolling the drawing disk
with angles; (BNG=t) and (BC1D0= u), where point (B) lies dtaithoid, (seeFigure 3).

dr awi pas

Figure 3: The plot of the Laithoid curve using a geometrianethod

Therefore, fromFigure 3 the Laithoid is the path traced out by a fixed point (B) on the
boundary of a circular disk whose radia$ (olls along a horizontal line &}, to produce an
arch with the lengtbf (7.0007005584402777%3, as it is shown ifable 1.

TableL L ai t

hkeyi piberies

Properties Values

Properties Values

Rolling disk's radiusa

Rolling disk's radiusa

Start point (0,0)

Start point (0,0)

Top point (&,2a)

Top point (2,2a)

Cusp's intersection

(a0

Two arches cusp

£ 0) 0 ¢ B(24 &)

Endpoint (4a,0)

End point (4,0)

From Figure 3, let @) bethe radius of the rolling circle and) pe an angle between the
segment line from the circle center (C) and the horizon line (AB) drawn from the origin point

(A), this gives the Cartesian equations ofltlaéhoid's curve:

w 006 ¢ O
® ‘00 ¢h
. ... ‘oaQ
O®I —-h
w
.. . 0O&
Aie® —h
w
06 AT

Then by angle (t) and a simple trigonometry, we find:
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A e L
OAdl =h
00
00 ©
0 Ad
Then for any point (x,y), we can find:
© DA T ob
© BA ¥ @
®  ¢wO Aol K i o
O Aol
®w OBl oh

w OOBI ph
According toL a i t hpoopodidns, it shade®ggionof area which can also be done by
calculus, which is not exactly inconsequential. Themustintegrate this to get the required

area covered blaithoid:

8 %Qd. & p OB Q& )
o W p ci @ i Qd QN (8)
0 O@E 61 Qox& X wxX 0 QUWpht ¢ 9

This region under onkaithoidal arch and the horizontal line ofg@is more than double
times the area of the rolling circle. Obtained data from Table 1 indicates that the ratio between
Laithoid's length and its rolling disk's circumference is precisely (1.114310252047854848
neverthelesghis ratio related to cycloid is found to be (1.2978725139014964s showin
Figure 3. Along the coordinators dhey-axis and xaxis, Figure 3), there is only one point
(A) in which both curves, Cycloid ardaithoid, are intersected. Using the same rolling disk
that rolls along a horizontal line, both curves make up an intersection pa@rnwifich lies at
(£2.56483 1.945210), precisely it is:

0 @=2.56483465817402% 10Q)

wloy = 1.945206239700822 11)

Similarly, to Trochoid[12], the Laithoidal arches also have a cusp at point (A) whose
intersection point (Og) lies atthey-axis, whereas cycloid arches have rogure 4. Also, for
each rolling of the drawing disk along the horizontal lineA#, the cycloid's archrequiresa
horizontal distance of (6.5188394907830363%)/@hich is precisely (1.631668317375) time
of Laithoid's hence_aithoid'sarch requirea horizontal distance of & (as it is listed imable
2).
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e —
Table 2: Comparisonof the key proportions of Cycloid and Laithoid.

Key proportions Cycloid Laithoid ratio

Curve's length. 8a 7.000699277711867699 | 1.14274298647130964(
Covered area. 30 2.27973675122 0 1.31594141226812765¢
Horizontal distance. 2a" 4a 1.570796326721501764
The hump height. (3.259(&, 29) (2a,2a) -

Cusp's length. - 1.17507941583a -

Cusp's area. - 2.4809340098320% -

Cusp's intersection P (0, 0) +(0,a) 1.00000000000000000(

Where (a) is the rolling disk's radius.

/Draging
/ Circle

Cyclod

Draqing
Laithoid P per i \Circle Laithoid

Al A3

Vi Al

Draging Al

~— CHOe Laithoid
N

Al
Vi Laithoid

V2 LD A 2a b

Figure 4: The plot of the comparisonof the key points of Cycloid andLaithoid, where (@) is the rolling
disk's radius
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It is perceptible froni-igure 4 that from the origin point (A), the cycloid intersects with the
drawing disk at two points,( and (G) in addition to point (@ through the horizontal

distance from the center of the disk. While 3 pointkaithoid are; (A), (LG), and (L) with

which the curve intersectgth the disk's circumference. However, regardlegooft (A), both

curvesinterseciat two points; (@ and (\4), more proportions are shown'mble 3.

I n

Table 3 Comparisonbetween the intersection points of Cycloid andlaithoid

t hi

Points Cycloid Laithoid
A 0,0
Gy +(0.2184, 0.499%)
G2 *(0.629%, a)
Gs +(0.96064a, 1.2779 -
LCy - 0a)
Li - + (0.739&,1.67278)
V1 +(1.939%, 2.5562)
Where (a) is the
rolling disk's radius.

s paper,

3. Laithoid's family

There is a pamf a new family of curves invented frothe Laithoid curve that will be

L a i tolproduce & s=t otnew ferras ohcarees, tvheck n
are graphically studied and figured using AutoCad utility, (Version 2020).

us

described here presently. In this paper, a new set of 6 curves are produced. In general, these 6

curves can be tabulated into two groups, the closed and opened curves. The first group is those

curvesthatcomplete a full rolling at one point,d®) without a cusp, while the second group

is thosehatcomplete a full rolling at two points, (0,0) anc(@).

A- Group One: in this paper 3 forms of new curves were produced. Leitihoid and a

given drawing circle with radius), let the drawing circléie from its center at point & a),

where angled) is between line segment (BD) aneaxis. Let point (B)be a point at the
Laithoid, then construct segment (BD), and from (B) draw a horizontal ray to intersect the circle

at (By), then from point (B) draw a perpendicular to intersect the circle's circumference)at (

shown inFigure 4. Then;

04 =200 Q&9 ), i

W=20si n (690 si W) 90 1

o =i Q&9 1) (2T

1),

tan(®HB20€o0s (DO sTi D)0 1

And then we can obtain:

W

h
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@ 3 (17)
O COOE iwm 6 h (18)
- A (19)

Then it isobtainedthat any point of thé a i t lkuove chid keelescribedy ;

« —h (20

e ——h (21

Figure 5 shows that the healike curve is a closed curve without a cusp, and it intersects
with the x-axis at (2,0), and tangents with Laithoid by a single point (D1) at themoigh is
(2a,a). Thecoordination of any point of this curve can be determined by the ray drawn from a
point (B) at laithoid and point (D), the intersection point between (BD) and the drawing disk
(n1), the horizontal and vertical segments from (B) anyiifil determine a point of the curve,
(B1). This new curve has a shaded region aitlarea of (0.822385814064® ), and a length
of (6.1277957898241%8, where &) is the rolling disk's radiusf{gure 5).

D1~

u
1 ! N\
> X, D

Figure 5: Construct a new form of curves from a point onL aithoid.
Where ) is the rolling disk's radius, and)(is theanglebetween the segment line from the
origin (D) and thehorizonline.

By changing the radius value of the rolling disk, another set of-hlearturvesis formed.
When the valuef theradius of the rolling disk declined to (Ga}, the curvetendedto shrink
from the top taking a shape of drdpseto the yaxis, whichdecreaseds shaded region area.
In general, the length value of the curves dependbewvalue oftheradius of the rolling disk
regardles®f that of drawingthe circle of Laithoid. Correspondingly, the horizontal width of
the curve is determined higevalue of its rolling disk's radius.

When the radius of the rolling disk (@)5then the produced curve has a length of
(4.783697166605) and a shaded region area of (0.41102198829046xh while in case
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radius of the rolling disk is (1) the newcurve is more inflated and has a length value of
(5.412244557765046, and more area in its shaded region of (0.615640706817#&649as

it is shown inFigure 6.

Draging
/ Circle

2a

Where the rolling disk's radius is (1.5a)

Draging
Circle

Where the rolling disk's radius {8.5a)

Figure 6: Constructing a new form of curves from a point on Laithoid,
where the rolling disk's radius is (h)sand (0.3)

B- Group Two: In this group, 3 forms of new curves were produced. Leitloid and a
given drawing circle with radius), let the drawing circléie from its center at point & a),
where angled) is between line segment (BD) atite x-axis. Let point (B)oe a point at the
Laithoid, then construct segment (BD), and from (B) draw a horizontal ray to intersect the circle
at (By), then from point (B) draw a perpendicular ton intersect with tirele's circumference
at (1), shown inFigure 6. Then;

B1(e) = 01D coso, 22)(
DBi=20bcos )90 1 23)(

Then the value of y can be obtained by:

C=200¢ i( 9 M), 1 24)(

Figure 7 shows that this form afhe curve is an opened curve with a cusp between two
arches along the-gxis, as it intersectsith the x-axis at (0,0) and &0), and tangents with

Laithoid by a single point (B at the top which is @ a). Thecoordination of any point of this
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curve can be determined by the ray drawn from a point (Ba#éhoid and point (D), the

intersection point between (BD) and the drawing disknig, (the horizontal and vertical
segments from (B) anah{) will determine a point of the new curve, B

This new curve haashaded region and a length, wheaki¢ the rolling disk's radius, a set
of these curves is illustrated ingures 6 and7. It is noticeable that all points of this form of
curveare the intersection of these rays drawn between (D) and (B). Also, the produced curve
(green inFigure 7), has a cusp with a i t hcorvedvbich is formed by two intersection
points:

+(0.12968796504, 0.20865846048H),

and (4.129687965 0.20865846048 H).

Correspondingly, the intersection point dhe curve's cusp lies at point (O,
0.416009485068), in addition its cusp length is made up of (1.3738401&j0Bence this
form of curve correspondingly shaded region area of (0.035777958413d75%9seefigure
7, andTables4,5,6, and7).

Figure 7: Constructing a new form of curves from a point onLaithoid where the rolling disk’s radius is @)
and (n1) a point on the curve
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Draging
Circle

Draging SR
Cirde -+~ -

Where the rolling disk's radius is (1.5a).

/'Draging
+  Circle

Dragng

where the rolling disk's radius is (0.5a).

Figure 8: Constructing a new form of curves from a point on Laithoid, where theolling disk's radius is
(a) and (n) a point on the curve.
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Table 4: Comparisonof group one's curves related to Laithoid

Points Group one's curves Laithoid
Start point (2a,0) (0,0)

Top point (2a,a) (2a,a)
Endpoint (2a,0) (4a,0)

Length (varied) (7.000690251108)
Shaded area (varied) (2.278887062739374 )
Cusp's area - (0.105913396B1

Where (a) is the rolling disk's radius of Laithoid.

Table 5: Comparison of group two's curves related to Laithoid

Points Group Twao's curves ‘ Laithoid
Start point (0,0)

Top point (2a,a)
Endpoint (4a,0)

Length (varied) (7.000690251107a)
Shaded area (varied) (2.278887062739374 & )
Cusp's area (varied) (0.10591339@B1

Where (@) is the rolling disk's radius of Laithoid.

Table 6: Key properties of Group One'scurves

Properties L1 L2 L3
Length 4.7836971666054 5.41224455776504 6.127795789824198
Shaded area 0.411021988290® 0.61564070279121 0.82238581422668 &

Cusp's length -

Cusp's area -

Tangent point*

(2a, @)

Intersection point* - ‘

*Shaded points with a Laithoid.
Where (a) is the rolling disk's radius of Laithoid.

Table 7: Key properties of Group Two's curves

Properties

L1

L2

L3

Length

6.654806579093416a

5.9604358927946

5.470202273290G1

Shaded area

1.840534465805400

1.3774307432443b

0.92072136146895 &

Cusp's length

1.3740375859635581

1.10172429250218

0.551372160842206

Cusp's area

0.0188500927561

0.0125071773814»

0.00917801064983

Tangent point*

(2a, @)

Intersection point*

+ (0.2008444685,
0.14170821970#)

+ (0.185750964814,
0.1114055079789

* (0.169865928824%
0.086784550166G6

*Shaded points with a Laithoid.

Where (a) is the rolling disk's radius of Laithoid.
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Group one; 3 curves of headlike; (L1), (L2), and (Ls).

Group two; 3 curves of cusp; M (M), and (M).

Figure 9: Constructing a set of two groups of new curves from a point obhaithoid, Where the rolling
disk's radius is @) and (n) a point on the curve
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