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Abstract:

In this paper, we present a graph-based structural reformulation of the Laplace transform,
referred to as the Laplace Transform Graph (LTG). Within this framework, functions in the
time and frequency domains are treated as structured data objects (vertices), while directed
edges represent direct and inverse Laplace transform operators.

The LTG provides a unified two-layer mapping structure between functional spaces, explicitly
linking each function to its transformed counterpart. The proposed model establishes formal
structural properties, including cycle formation, vertex degree characteristics, and convergence
constraints induced by transformation consistency.

Computational algorithms are developed to construct and analyze the LTG, enabling path
simplification and structural verification. The framework offers a data-oriented perspective on
the Laplace transform, bridging functional analysis and graph-based structural modeling for

both theoretical interpretation and computational implementation.
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1. Introduction

The Laplace transform is one of the most powerful mathematical tools for solving linear
differential equations [1, 2]. In general, a transformation of a function f(t) can be expressed as

equation (1):

F(s) = [, K(s,%) f(x) dx (1)

where F(s) is the transformation of the function f(t), and K(s,t) is called the transformation
kernel[1]. This approach converts the original problem involving f(t) into another problem
involving F(s), which is often simpler to solve. By selecting an appropriate kernel and limits
of integration, differential equations can essentially be reduced to algebraic equations[3].A

special and widely used case of this idea is the Laplace transform, defined as equation(2):

L{f(D} = F(s) = ["e™ f(Ddx )
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where s = 0 + jw is a complex variable, f(t) is the original function in the time domain, and

F(s) is its Laplace transform. This method is extensively applied in solving non-homogeneous
differential equations, particularly when the homogeneous part is unstable. Beyond its
analytical formulation, mathematical transformations can also be interpreted structurally, which
motivates the introduction of graph-theoretic representations. On the other hand, graph theory
is a fundamental and important field in applied mathematics, computer science, and other
related disciplines, and has numerous and wide-ranging applications in algorithm design,
knowledge representation, and network analysis. A graph is defined as a non-empty set of
vertices V and a non-empty set E of unordered pairs of vertices called edges. Depending on its
structure, a graph may be simple, multigraph, loop-like, or contain isolated vertices. A tree is a
special type of connected, non-cyclic graph, while a regular r-graph is a graph with the degree

of each vertex r [4].

This paper introduces a new perspective by treating mathematical functions as vertices, with
the direct and inverse Laplace transforms as edges connecting them. Within this framework,
different classes of functions such as linear, logarithmic, power, trigonometric, and inverse
trigonometric functions can be structurally connected to form new types of function graphs.
The central hypothesis of this work is that the Laplace transform induces a structured mapping
between functional spaces that can be formally represented as a directed graph. This novel
framework, which we call the Laplace Transform Graph (LTG), establishes a new type of graph
structure that integrates concepts from both functional analysis and graph theory [5,6].
Although the Laplace transform has been extensively studied in mathematics, control theory,
and signal processing, existing studies primarily focus on analytical, numerical, or application-
oriented aspects of the transform. To the best of our knowledge, no previous study has
introduced a unified graph-theoretic framework in which mathematical functions are
represented as vertices and Laplace transform operations are represented as directed edges
connecting time-domain and frequency-domain functions. This gap motivates the development
of the Laplace Transform Graph (LTG), which provides a structural representation of transform
relationships within a graph-based environment Although the Laplace transform has been
extensively studied in mathematics, control theory, and signal processing, existing studies have
primarily focused on its analytical, numerical, and application-oriented aspects. To the best of
our knowledge, no previous study has introduced a unified graph-theoretic framework in which
mathematical functions are represented as vertices and Laplace transform operations are

represented as directed edges connecting time-domain and frequency-domain functions. This
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gap motivates the development of the Laplace Transform Graph (LTG), which provides a

structural representation of transform relationships within a graph-based environment. The
main contribution of this work lies in representing time-domain and frequency-domain
functions as graph vertices and modeling direct and inverse Laplace transform operations as
directed edges. Furthermore, the proposed LTG integrates both domains within a single graph
structure and establishes fundamental structural properties, including cycle formation, vertex
degree characterization, connectivity, and component decomposition, thereby providing a new
graph-theoretic perspective for analyzing transform relationships. To further clarify the novelty
of the proposed framework, a comparison between previous studies and the proposed Laplace
Transform Graph (LTG) is presented in Table 1. The comparison highlights the main structural

differences and demonstrates the unique features introduced in this work.

Table 1. Comparison between previous studies and the proposed Laplace Transform Graph (LTG).

Feature Previous Studies Proposed LTG
Use of Laplace Transform Yes Yes
Graph-Based Analysis Partial Yes
Functions Represented as Vertices No Yes
Laplace Transform Operators Represented as Edges No Yes
Unified Time- and Frequency-Domain Representation No Yes
Structural Graph Analysis Limited Yes

2. Related Works

The use of the Laplace transform is traditional in system analysis and signal processing;
however, its representation through graph structures has been addressed only partially in the
existing literature. For instance, some researchers proposed graph-based algorithms to compute
distributions of coalescence times after Laplace transformation in the context of population
genetics, where the graph represents the state space and the Laplace transform is used to derive
probability distributions. However, in this context, the vertices do not represent functions
themselves, and the edges are not explicitly modeled as Laplace transform operators, which

distinguishes our work from these previous studies.
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Another study generalized the Laplace transform to signals defined on irregular domains,

including graphs and trees, introducing the so-called spectral Laplace transform, which extends
the classical Fourier-Laplace analysis to graph-defined data. Nevertheless, in this framework,
vertices represent spatial or structural points rather than functional entities in the time or
frequency domain, which is fundamentally different from the scope of our research. To date,
no study has proposed an explicit graphical framework, termed the Laplace Transform Graph
(LTG), in which vertices represent functions in the time or Laplace domain, and edges
correspond to direct or inverse Laplace transforms. This work provides a new approach that
unifies time-domain and frequency-domain analysis within an integrated graph model,
distinguished from previous works by explicitly representing vertices, functions, and edges in
a clear and systematic manner. Additionally, previous works by the authors in control theory
provide complementary insights into system behavior and stability, which can be related to

transformations and graph-based representations of functions:

Routh stability criterion and Lyapunov-Routh method in control theory [2023]

Stability on optimal control problems and multi-population mathematical models [2023]
Special methods for controllability and observability in optimal control systems [2024]

These studies highlight the authors’ prior experience in analyzing mathematical systems and
provide a foundation for extending graph-based frameworks to functional transformations [7-

8-9].
2.1 Laplace Transform Graph

We assume that the vertices of the graph represent mathematical functions, while the edges
represent Laplace transform operations applied to these functions. When the Laplace transform
is applied to a function f(t) at a given vertex, it produces a new function F(s) that represents
another vertex in the graph, and the two functions are connected by an edge representing the

transformation(3) [1]:

F(s) = () 3)

Similarly, the inverse Laplace transform can be represented as an edge in the opposite direction
(4):

1

f(t) — F(s) @)
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In this unified graph model, vertices provide information about functions in the time or

frequency domain, and edges represent the mathematical operations connecting them. This
structure allows the study of function connectivity, different transformation paths, and potential

cycles that may impose constraints on initial values or convergence regions.

Formally, each vertex v; can be described as the union of its time-domain and frequency-

domain representations (5):

vi = (fi(D), Fi(s)) (5)
If functions are described as vertices, then the set of vertices is:

V = (v, Vy, Vg, e, Vi)
The edges represent relationships between functions and their Laplace transforms:
ECVXV
according to the applied transform operator., for example:
vi=f, vp =1, ,v3=1; , vy =1, vi =f1;

2.2 Graph of Direct Laplace Transform

In this section, we explain the direct (forward) Laplace transform in detail and illustrate how
functions can be represented graphically using this transform. The general principle is as
follows: each vertex represents a function in the time domain f(t), and each edge represents the
application of the Laplace transform that maps the function into the frequency domain F(s)[4].
This representation allows us to track the transition of functions into the frequency domain and
to visualize their relationships in a graphical form. Moreover, if a graph with its vertices and

edges is given, one can infer the corresponding functions in both domains[10-11].

Formally, for each time-domain function fj(t) represented by a vertex v;, the Laplace

transform produces a new vertex v; representing F;(s) (6) [5, 6]:

L
vi = Fi(s) » vi = fi() (0)
We define the graph of the direct transform as (7):

G, = (Vi E) (7
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where V;, = V; U V; is the union of the time-domain vertices V, = {f;(t)} and the frequency-

domain vertices Vg = {F;(s)}. The set of edges is defined by the rule (8):

(fi(©), Fi(s)) € Ep & Fi(s) = L{fi(D)} ®)

Examplel: Given V; = {1, t, e'} (three time-domain vertices) and total 6 vertices (frequency +

time), find Vg and the graph of the direct transform.

Solution: Compute the Laplace transforms:

So the frequency-domain vertex set is

11 1
_5_27 }
s’s<” s—1

Vs = {
The full vertex set of the direct-transform graph is the union

And the graph of the direct transform

¢11 1
ot

VL =V,UV; ={1,te
hence 6 vertices in total.

The edge set E;, (direct Laplace edges) is given by the transform relations:

eum (L0) (2) (0. 27)

(We write edges as ordered pairs from time-vertex to frequency-vertex because the direct

transform goes forward.)
Graph properties / counts
Number of vertices: | V}, |= 6.
Number of edges: | E, |= 3.

The graph is disconnected with 3 connected components (each component is a pair

(f;(t), Fi(s)). Edge Set (directed) figure 1:
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Disconnected Graph of Direct Laplace Transform (6 vertices, 3 edges)

L;

1
‘ L
.

L

‘ ‘ ‘

Figure 1. Disconnected graph direct Laplace transform.
The compact formal definition (9):
G, = (Vi E),
VL = Ve UV, (£i(0), Fi(s)) € EL & Fi(s) = L{fi(D)} 9)

This example illustrates a type of disconnected graph, since the vertices are grouped in pairs

without edges connecting the different groups.
2.3 Inverse Laplace Transform

The inverse Laplace transform is a fundamental concept in mathematical analysis and system
theory, as it allows the recovery of a time-domain function f(t) from its frequency-domain
representation F(s). In this section, we illustrate how to represent the graph of the inverse
Laplace transform, where functions in the time and frequency domains are considered as
vertices, and the edges correspond to the inverse transformation operation. The general concept

can be expressed as follows(10):

-1

v; = f(t) — v; = F(s) (10)

This graphical representation provides a visual means of understanding the relationship
between the original time-domain function and its frequency-domain counterpart, and it enables
the tracking of inverse transformation paths among different functions within the unified graph

framework[12].
We define the inverse Laplace transform as (11):

GL—l == (VL—I, EL—l) (l 1)
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where V-1 = V-1 UE;-1 is the union of the time-domain vertices V, = {f;(t)} and the

frequency-domain vertices Vg = {F;(s)}. The set of edges is defined by the rule:

(Fi(s).fi(D) € L1 & £i(0) = L7 {fi(s)} (12)

2 3 1

i1 i S—Z} (three frequency -domain vertices,(s > 0) and total

Example2: Given Vg = {
6 vertices (time + frequency), find V, and the inverse Laplace transform.
Solution: Compute the inverse Laplace transform:

3
(s+3)2+9

.

] = e 3%sin 3t = V,,L7! [512] =t =V,

_1 2 _ . _ n _1
L [52+4] =sin 2t =V,,L [
So the frequency-domain vertex set is

V, = {sin 2t,e"3%sin 3t, t,}

The full vertex set of the inverse Laplace transform is the union(12)

2 3 1

_ e —3te; 1
VL = V5 UV, = {sin 2t,e™°'sin 3t, t, i Graiie’ 2

} (12)

hence 6 vertices in total.

The edge set E;, (direct Laplace edges) is given by the transform relations (13)
2 3 3t 1
EL = {(m, Sin Zt) , (m, e 3tsm 3t) , (S—Z,t)} (13)

(We write edges as ordered pairs from time-vertex to frequency-vertex because the inverse

Laplace transform goes forward.)
Graph properties / counts
Number of vertices: | V-1 |= 6.

Number of edges: | E;-1 |= 3. The graph is disconnected and consists of three weakly
connected components (each component is a pair (F;(s),f;(t)). Since the graph is directed,

connectivity is considered in the weak sense.

Graph of the inverse Laplace transform is shown in Figure 2:
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Figure 2. Graph of the inverse Laplace transform.

2.4 Unified Laplace Transform Graph Representation:

By combining the forward and inverse Laplace transforms within a unified graph framework,
we observe that each function in the time domain f(t) corresponds to a counterpart in the
frequency domain F(s). This results in two vertices connected by two oppositely directed edges,

such that each vertex has in-degree 1 and out-degree 1.

In the case of a graph consisting of only two vertices, the resulting structure is a simple 2-cycle
(a two-vertex directed cycle). In graphs containing more than one pair of vertices, each pair
forms an independent 2-cycle, so the graph can be viewed as a disjoint union of multiple two-

vertex cyclic components.

Moreover, the total number of vertices in this model is always even, i.e., 2n, since applying the
Laplace transform to each function generates a corresponding function in the other domain.
Therefore, this representation constitutes a new type of graph specific to Laplace

transformations, which we propose to call the Laplace Graph (LG).
Theorem1:

Let V.= {f;(t),f,(t),f5(t), ..., fh(t)}be the set of time-domain functions and Vs =
{F1(s),F,(s),F3(s), ..., Fa(s)} their corresponding Laplace transforms. Then, the Laplace
Graph LGLGLG defined on V = V; U V; satisfies the following properties:

The total number of vertices is always even:
| V= 2n
Each pair (f;(t), F;(s)) forms a 2-cycle (a directed cycle of length two).

The degree of every vertex is equal to 2 (one incoming edge and one outgoing edge).
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The graph consists of n disconnected components, each of which is a directed 2-cycle.

Proof:

Forward Laplace transform: For each f;(t), the forward transform produces F;(s) = L{f;(t)}
This defines a directed edge from f;(t)to F;(s).

Inverse Laplace transform: Similarly, the inverse transform gives f;(t) = L™2{F;(s)}

This defines a directed edge from F;(s) back to f;(t).

2-cycle formation: Combining the forward and inverse edges, each pair (fj(t), F;(s))forms a
directed cycle of length 2. Therefore, the degree of each vertex is exactly 2. Multiple
components: Applying this process to all n functions produces n independent 2-cycle
components. Total vertices: Since each function generates exactly one corresponding transform

vertex, the total number of vertices is
| V|=2n

which is always even. Since every vertex has exactly one outgoing and one incoming edge, the
graph decomposes uniquely into directed cycles, and in this construction, each cycle has length

two.

Corollaryl: The Laplace Graph LG is isomorphic to the disjoint union of n directed cycles of
length 2. Hence, the global structure of the Laplace Graph is determined solely by the number

of functions considered.
3. Results and Discussion

From the unified Laplace Transform Graph (LTG), the following properties are observed: No
intra-domain edges exist; all edges are cross-domain transformations between the time and
frequency domains. In single-domain representations (time-only or frequency-only graphs),
each vertex has one outgoing or one incoming transform relation, reflecting the unidirectional
nature of the Laplace mapping. In the unified LTG, each vertex has in-degree 1 and out-degree
1, forming a directed 2-cycle between corresponding time-domain and frequency-domain
vertices. The LTG consists of multiple weakly connected components, each forming a 2-vertex

directed cycle.
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4. Conclusion

This paper introduced the Laplace Transform Graph (LTG), a structural graph-theoretic
framework that represents functions in both the time and frequency domains within a unified
mathematical structure. In this framework, vertices correspond to functions in the respective

domains, while directed edges represent the direct and inverse Laplace transform operators.

The proposed model establishes a well-defined bipartite directed graph structure, where each
function—transform pair forms a directed 2-cycle. The study derived fundamental structural
properties of the LTG, including vertex degree characterization, cycle decomposition, and weak

connectivity of components.

These results provide a rigorous foundation for representing transform relations in a graph-
theoretic form, enabling both structural analysis and computational interpretation of functional
mappings. Furthermore, the LTG framework offers a flexible structure that can be extended to
incorporate other integral transforms, such as Fourier and Z-transforms, within a unified graph-

based representation.

Overall, the Laplace Transform Graph provides a mathematically consistent bridge between
functional analysis and graph theory, offering a structured perspective for both theoretical

investigation and computational applications in mathematics and engineering.
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  L  { f  ( t ) } =   F  ( s ) =     ∫ 0 ∞   e  − sx   f  ( t ) dx


  s = σ + j ω


  f ( t )


  F ( s )


  V


  E


  r


  LTG


  f ( t )  


  F ( s )


  F ( s )    → L f ( t )


  f ( t )    →   L  − 1 F ( s )


   v i


   v i =   ( f i  ( t )   ,  F i  ( s ) )


        V =  (  v 1 ,  v 2 ,  v 3 , … . ,  v n )


  E ⊆ V × V


   v 1 =  f 1 ,         v 2 =  f 2     ,    v 3 =  f 3       ,       v 4 =  f 4 ,       v 5 =  f 5  


    f ( t )


  F ( s )


   f i ( t )


     v i  


     v ` i


   F i ( s )


     v ` i =  F i  ( s )    → L    v i =  f i ( t )


   G L = (  V L , E )


   V L =  V t ∪  V s


   V t = {  f i  ( t ) }


   V s = {  F i  ( s ) }


  (  f i  ( t ) ,  F i  ( s ) ) ​ ∈  E L ⟺  F i  ( s ) = L {  f i  ( t ) }


   V t = { 1 , t ,  e t }


   V s ​


  L  [ 1 ] =  1 s =    V ` 1


  L  [ t ] =  1   s 2 =    V ` 2


  L  [  e t ] =  1  s − 1 =    V ` 3


   V s = {  1 s


   1   s 2


   1  s − 1 }


   V L =  V t ∪  V s = { 1 , t ,  e t ,  1 s


   1   s 2


   1  s − 1 }


      E L


   E L = {  ( 1 ,  1 s ) ,  ( t ,  1   s 2 ) ,  (  e t ,  1  s − 1 ) }


  ∣  V L ∣ = 6


  ∣  E L ∣ = 3


  (  f i  ( t ) ,  F i  ( s ) )


   G L = (  V L , E )


   V L =  V t ∪  V s ,   (  f i  ( t ) ,  F i  ( s ) ) ​ ∈  E L ⟺  F i  ( s ) = L {  f i  ( t ) }


   v i = f  ( t )    →   L  − 1    v ` i = F  ( s )


   G   L  − 1 = (  V   L  − 1 ,  E   L  − 1 )


   V   L  − 1 =  V   L  − 1 ∪  E   L  − 1


   V t = {  f i  ( t ) }


   V s = {  F i  ( s ) }


  (  F i  ( s ) ,  f i  ( t ) ) ​ ∈  E   L  − 1 ⟺  f i  ( t ) =  L  − 1 {  f i  ( s ) }


   V s = {  2   s 2 + 4 ,  3    ( s + 3 ) 2 + 9 ,  1   s 2   }


  ( s > 0


   V t  


   L  − 1  [  2   s 2 + 4 ] = sin   2 t   =    V ` 1


   L  − 1  [  3    ( s + 3 ) 2 + 9 ] =  e  − 3 t sin   3 t   =    V ` 2 ,  L  − 1  [  1   s 2 ] = t   =    V ` 3


   V t = { sin   2 t


   e  − 3 t sin   3 t


  t , }


   V L =  V s ∪  V t = { sin   2 t


   e  − 3 t sin   3 t


  t ,  2   s 2 + 4 ,  3    ( s + 3 ) 2 + 9 ,  1   s 2 }


     E L


   E L = {  (  2   s 2 + 4 , sin   2 t ) ,  (  3    ( s + 3 ) 2 + 9 ,  e  − 3 t sin   3 t ) ,  (  1   s 2 , t ) }


  ∣  V   L  − 1 ∣ = 6


  ∣  E   L  − 1 ∣ = 3


  (    F i  ( s ) , f i  ( t ) ) ​


  f  ( t )  


  F ( s )


  2 n


   V t = {  f 1 ( t ) ,  f 2 ( t ) ,  f 3 ( t ) , … ,  f n ( t ) }


   V s = {  F 1 ( s ) ,  F 2 ( s ) ,  F 3 ( s ) , … ,  F n ( s ) }


  V =  V t ∪  V s


  ∣ V ∣ = 2 n


   f i ( t ) ,  F i ( s )


   f i ( t )


   F i  ( s ) = L {  f i  ( t ) }


   f i ( t )


   F i ( s )


   f i  ( t ) =  L  − 1 {  F i  ( s ) }


   F i  ( s )


   f i  ( t )


  (  f i ( t ) ,  F i ( s ) )


  ∣ V ∣ = 2 n


  LG  

